Introduction
In [4] , an axiom system for orthomodular partial algebras (OMA) is introduced, and it is shown that orthomodular partial algebras are equivalent to orthomodular partially ordered sets (orthomodular posets, OMP).
In this paper, we show that by weakening, resp. omitting one axiom in the axiom system for orthomodular partial algebras, we obtain axiom systems of partial algebras equivalent to orthoalgebras (OA), resp. difference partially ordered sets (difference posets, D-posets, DP). The free algebras in both latter cases exist and coincide with the free orthomodular algebra (see [4] ).
We note that orthoalgebras have been found a useful tool into pursuit of quantum mechanical constructions (see, e.g., [6, 7, 8, 12, 13] ). Difference posets have been introduced in [9] as a generalization of orthoalgebras (see also [10] ). An important example of a D-poset is the set of all effects (i.e., s.a. operators A with 0 < A < I on a Hilbert space), which play an important role in unsharp quantum measurements ( [2, 5] ).
Difference posets, orthoalgebras, orthomodular posets
Let us first recall the definition of a difference poset (see [9] ). DEFINITION 2.1. Let J be a partially ordered set with a partial order <, greatest element 1, and with a partial binary operation θ : J X J -> J, Now let us recall the definition of an orthoalgebra (see [7] ). DEFINITION 2.4. Let if be a set containing two distinct elements 0,1 and let Κ be endowed with a partial binary operation φ which satisfies the following four axioms:
(OA i) if α φ 6 is defined, then b φ a is defined and α φ 6 = b φ α; (OA ii) if b φ c is defined and α φ (b φ c) is defined, then α φ 6 is defined, (α φ b) φ c is defined and α φ (6 φ c) = (α φ b) φ c; (OA iii) for every a G Κ there exists a unique b G Κ such that α φ 6 is defined and α φ b = 1; (OA iv) if α φ α is defined, then a = 0.
Then (Α',Ο,Ι,φ) is called an orthoalgebra.
Finally, let us recall the definition of an orthomodular poset (see, e.g., [1, 11] )· DEFINITION 2.5. Let L be a partially ordered set with a partial order <, the greatest and least elements 1 and 0, respectively, and a unary operation (orthocomplementation) ' : L -> L such that, for any a, b € L, the following axioms are satisfied:
Then L is called an orthomodular poset.
Let us show the interrelations between D-posets, orthoalgebras and orthomodular posets.
Let a, b be two elements in an orthoalgebra K. We say that (i) a is orthogonal to b and write aLb iff α φ b is defined; (ii) a is less or equal b and In [10] , it has been proved that a D-poset becomes an orthoalgebra iff the following additional condition is satisfied:
If L is an orthomodular poset and we define a®6 = aV6iff a±b in L, then L with 0,1, φ is an orthoalgebra (see, e.g., [7] ). On the other hand, an orthoalgebra Κ is an OMP iff a±b a V b exists in Κ ( [7, 8] ). The following proposition shows how the axioms of an orthoalgebra can be weakened to define a D-poset. PROPOSITION 2.6 . Let J be a set with two particular elements 0 and 1, endowed with a partial binary operation φ such that the axioms (OA i), (OA ii), (OA iii) and, in addition, the following axiom is satisfied: We have proved that < defines a partial order in J and 0 < α < 1 for any a £ J. Now it suffices to prove (i) and (ii) of Proposition 2.3. 2.3 (i) follows by α φ 0 = a. 2.3 (ii):
We note that (OA i), (OA ii), (OA iii), (iv) are satisfied in every D-poset (see next section). Similarly as in orthoalgebras, we say that two elements a, 6 in a D-poset
Let A := J \ Ν be equipped with the partial operation ©^ defined as follows: χ © χ y is defined iff χ © y is defined and χ © y ^ Ν , and then x @ A y = x @ y .
Then (A, ©a, 0,1) is an orthoalgebra. Indeed, we have to verify the axioms (OA i)-(OA iv). (OA i), (OA iii) and (OA iv) are clear. 
An axiom system for orthomodular, D-orthomodular and A-orthomodular partial algebras
The aim of this section is to give a unified frame to the different axiom systems from the preceding section.
In what follows, we use the notations from [4] , with the exception that suprema and infima will be denoted by V and A, respectively.
Before formulating the axiom systems we recall some basic definitions and terminology from the theory of partial algebras ( [3a, b] ). Let T_(X, Σ) be any term algebra of type Σ on some set X, let f, tj,Í2 £ Τ.(Χι Σ) be any terms, and let A be any partial algebra of type Σ. Thus, in A there are defined some operations, among them there may be proper partial operations (the domain of which is not all of A n -η being the arity of the operation -but only some proper subset of A n ). We recall that an existence equation t\ = ¿2 holds in the partial algebra A, iff for every valuation ν : X -y A the induced -i.e., as usual, recursively defined, but now along the partial structure of A -interpretations v(ti) and £(<2) of t1 and Í2 exist and are equal. As set X of variables from which the valuation starts one usually chooses the set of variables occurring freely in the formula, if not stated otherwise (e.g., in connection with axiom (AO) below, only valuations starting from the empty set of variables are considered, see [4] , footnote on p. 2).
In particular, the term existence statement t = t holds in A iff for every valuation ν : X -• A the interpretation v(t) exists (i.e. t induces in A a total term operation). We shall abbreviate the term existence statement t = t by 3i, i.e., 3t ·£=> t = t.
DEFINITION 3.1. ([4])
By an orthomodular partial algebra we understand a partial algebra A := (Α; φ;' ; 0) of type (2,1,0) such that the following list of axioms is satisfied in A for any x, y, ζ G X for any given countably infinite set X of variables: y φ ζ) ).
Now we introduce the definitions of a D-orthomodular partial algebra and an A-orthomodular partial algebra. In what follows, instead of "partial algebras" we will speak simply about "algebras".
The axioms (AO) through (AIO) are existentially conditioned existence equations, and they define ECE-varieties (see [4] ); the ECE variety of all orthomodular algebras has been denoted by OMA in [4] ; the ECE variety of A-orthomodular algebras will be denoted by AOMA; and the ECE variety of all D-orthomodular algebras will be denoted by DOMA. We have OMA C AOMA C DOMA. Indeed, AOMA C DOMA is clear. To prove OMA C AOMA, we have to show that the axioms (AO) through (A9) imply (AIO). But it is shown in [4, Lemma 2.3].
The axiom in question is (A8), therefore all results derived from the axioms (A0)-(A7) remain valid for DOMAs and AOMAs. In particular (see [4] ), (i) the unary operation ' is a total bijection (see (Al)); a' is called the orthocomplement of a G A] (ii) for each a £ Α, α φ a' always exists with the constant value 0' = 1 (see (A2));
(iii) the constant 0 always exists (see (AO)), and, for each element a € Α, α φ 0 always exists and yields a as value (see (A3)); (iv) the operation φ is commutative (see (A4)) and associative (see (A5)), whenever it exists. (v) If one defines a relation "<" on an arbitrary D-orthomodular algebra A by a < b 3(α φ b'), one easily realizes that from (A2) there follows reflexivity, that (A6) implies transitivity and (A7) means asymmetry of the relation "<", i.e., in any D-orthomodular algebra .¿4, the relation "<" defined above is always a partial order relation on A; moreover, the axiom (A3) -together with (Al) -implies that 1(= 0') is the greatest element and 0 is the least element. In [4] , the following statement has been proved. 
Moreover, going back and forth with these constructions starting from either of the two kinds of structures always yields back the original one.
We will prove similar statements for D-orthomodular algebras and Dposets and for A-orthomodular algebras and orthoalgebras. Proof. If (A; ©;';()) is a D-orthomodular algebra, we have already proved that the relation "<" defined by (3.1) is a partial order relation on A, 0 is the least and 1(= 0') is the greatest element of it. Therefore, it suffices to prove (i) and (ii) satisfying the additional axiom (2.1). This implies that the axioms (AO) through (A7) and (A9) are satisfied (see proof of Theorem 3.6), and (AIO) is satisfied owing to (2.1). The rest of the proof is straightforward.
Conversely, if (Α; <;θ; 1) is a D-poset, and we define the unary operation ' by
• In [4] , the following additional axiom for OM algebras has been introduced: 3(ζι φ 2/1 ) and 3(χι φ y2) and Ξ(χ2 Φ yi) and 3(x2 φ y2) (R) (3ζ)(3(χχ φ ζ) and 3(x2 Θ ζ) and 3(j/j φ ζ') and 3(y2 φ ζ')).
An orthomodular algebra satisfying (R) is called rich. Proof. By Theorem 3.7, A can be considered as an orthoalgebra. Assume that α φ 6 exists, and let c be any upper bound of a, b. By (A9) and (3.1), α φ 6 is an upper bound of o, 6. Consider the elements a, 6, (α φ b)', c'. Then, owing to (R), 3(α φ (α φ 6)') and 3(α φ c') and 3(6 φ (α φ 6)') and 3(6 φ c') => (3ζ)(3(α φ ζ) and 3(6 φ ζ) and 3((α φ 6)' φ ζ') and 3(c' φ ζ')).
By the definition of partial order, we have
From ζ' < α φ 6, and the fact that α φ 6 is a minimal upper bound (see, e.g., [7] ), we get ζ' = α φ 6, and hence α φ 6 < c. This proves that α V 6 exists, hence A is an orthomodular algebra.
• 0 is the least (and 1 is the greatest) element.
Remark 3.11. Let (¿,<,',0,1) be a partially ordered orthocomplemented set in which χ V y exists provided that χ < y'. It is not difficult to prove that it can be characterized as an algebra A := {A\ φ;' ; 0) of type (2,1,0) such that axioms (A0)-(A8) are satisfied (note that in this case (A3) and (A6) cannot be omitted -see Remark 3.4). We note that a strong set of probability measures is both full and unital. 
Probability measures on orthomodular algebras
Then (L; φ; 1; 0) becomes a numerical DOMA.
(i) 1 G L\
(ii)f,geL, f<g=ïg-feL;
Then (L; 8;' ; 0) becomes a numerical AOMA. Proof. 1 see [9] ; 2 see [9] and [10] (observe that / φ / exists, resp. f < 1 θ /, is equivalent to / < |); 3 and 4 see [4] (we note that 3° in [4] Theorem 5 is redundant, it follows from 4° and I o ).
• Let (Α; φ; 0) be an orthomodular algebra and let M be a full set of probability measures on A. 3 Every OMA with a full set of probability measures is isomorphic to a numerical OMA.
4 Every rich OMA with a full and unital set of probability measures is isomorphic to a numerical rich OMA.
5 Every DOMA with a strong set of probability measures is isomorphic to a numerical OMA.
Proof. L Consider the numerical realizations {a : a G A}. It is straightforward to check that the conditions 1 (i) and (ii) of Theorem 4.4 are satisfied. 
Observe that unitality guaranties 2 (iii

